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1 Questions
• How can we encode the boundary conditions at the level of the action?

• What is the geometry describing the dynamics in manifolds with boundaries?

2 Relative (co)homology
On a manifold without boundary, we have the following formulation of Stokes’ theorem:∫

M
dα = 0 (1)

When the boundary of the manifold on which we are working is non-zero, Stokes’ theorem takes the
following form: ∫

M
dα =

∫
∂M

ȷ∗α (2)
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where ȷ : ∂M ↪→ M is the inclusion.
Moreover, since the boundary of a manifold has no boundary (because ∂2M = ϕ), Stokes’ theorem

becomes: ∫
∂M

dβ = 0 (3)

We can write these two equations on the same side of the equality to obtain:∫
M
dα−

∫
∂M

ȷ∗α+

∫
∂M

dβ = 0 (4)

Let us introduce the following notation: (ω, η) is a differential form on (M,N ) if ω is a differential form
on M and η is a differential form on N . We define the integral over this pair as:∫

(M,N )

(ω, η) =

∫
M
ω −

∫
N
η (5)

in such a way that we can simultaneously write the two Stokes theorems on the manifold and its boundary
as: ∫

(M,∂M)

(dα, ȷ∗α− dβ) = 0 (6)

This way of simultaneously writing Stokes’ theorems on the manifold and its boundary resembles what
happens in the case where the manifold has no boundary, as in equation (1), but with a slightly different
structure. Margalef’s idea is to define the exterior derivative of the form (ω, η) as:

d(ω, η) = (dω, ȷ∗ω − dη) (7)

so that Stokes’ theorem with boundary can be written as:∫
(M,∂M)

d(α, β) = 0 (8)

With this generalization of the exterior derivative, the pair (M, ∂M) behaves like a manifold without
boundary with respect to this new (co)homology. One can check that the operation d is indeed an exterior
derivative:

d2(ω, η) = d(dω, ȷ∗ω − dη)

= (d2ω, ȷ∗(dω)− d (ȷ∗ω − dη))

= (0, 0)

(9)

Furthermore, this cohomology defines a homology on the pair of manifolds (M,N ), with N ⊂ M, given
by:

∂(M,N ) = (∂M/N ,−∂N ) (10)

This (co)homology is called relative.
We can verify that the relative exterior derivative on pairs of forms d is dual to the relative boundary on

pairs of spaces ∂ by proving Stokes’ theorem with boundary.
Theorem (Stokes with boundaries):∫

(M,N )

d(α, β) =

∫
∂(M,N )

(α, β) (11)
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Proof: ∫
(M,N )

d(α, β) =

∫
(M,N )

(dα, ȷ∗α− dβ)

=

∫
M
dα−

∫
N
(ȷ∗α− dβ)

=

∫
∂M

α−
∫
N
ȷ∗α+

∫
∂N

β

=

∫
∂M/N

α+

∫
∂N

β

=

∫
(∂M/N ,−∂N )

(α, β)

=

∫
∂(M,N )

(α, β)

(12)

□
Thus, the boundary of the boundary is also zero:

∂2(M,N ) = ∂(∂M−N ,−∂N )

= (∂ (∂M−N ) + ∂N , ∂2N )

= (ϕ, ϕ)

(13)

However, in the case of a manifold with boundary, such as the one we are studying, the relative boundary
is:

∂(M, ∂M) = (∂M/∂M, ∂2M)

= (ϕ, ϕ)
(14)

That is, with this homology, a manifold together with its boundary behaves as if it had no boundary
with respect to this cohomology. This is why, in the Stokes theorem of equation (8), zero appears on the
right-hand side of the equation.

On this pair one can define the usual operations, in addition to the exterior derivative:

ιV (ω, η) = (ιV ω,−ιV η), LV = (LV ω,LV η), where;V ≡ V |∂M (15)

(ω, η)∧(ξ, θ) =
(
ω ∧ ξ, (−1)n+1

2
ȷ∗ω ∧ θ + 1

2
η ∧ ȷ∗ξ

)
(16)

3 General variational problem

3.1 Geometric construction
We have a fiber bundle π : E → M and an inclusion ȷ : ∂M → M.
From this bundle and the inclusion, we can construct the pullback bundle π∂M : ȷ∗E∂M → ∂M. Since ȷ

is an inclusion, the pullback bundle is canonically isomorphic to the restriction, i.e., ȷ∗E∂M ∼= E|∂M.
Given a section ψ ∈ Γ(M, E), there exists a unique section ψ|∂M ∈ Γ(∂M, E|∂M) such that ψ ◦ ȷ =

ȷE ◦ ψ|∂M
The following diagram is commutative:

E E∂M

M ∂M

π

ȷE

π∂M
ψ

ȷ

ψ|∂M
(17)
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In the bulk, we of course work with the complex of differential forms on M up to degree n:

0
d−−→ Ω0(M)

d−−→ Ω1(M)
d−−→ · · · d−−→ Ωn−1(M)

d−−→ Ωn(M)
d−−→ 0 (18)

On the boundary we will also work with differential forms on M with support on ∂M (that is, differential
forms of the form fµ1···µk

(xm) dxµ1 ∧ · · · ∧ dxµk), but only up to degree n− 1. The complex is therefore:

0
d−−→ Ω0(∂M)

d−−→ Ω1(∂M)
d−−→ · · · d−−→ Ωn−2(∂M)

d−−→ Ωn−1(∂M)
d−−→ 0 (19)

Therefore, the differential complex of relative forms in which we will work is:

0
d−−→ Ω0(M)

d−−→ Ω1(M)⊕Ω0(∂M)
d−−→ · · · d−−→ Ωn−1(M)⊕Ωn−2(∂M)

d−−→ Ωn(M)⊕Ωn−1(∂M)
d−−→ 0
(20)

Let (α, β) ∈ Ωk(E) ⊕ Ωk−1(E|∂M). Given a section ψ : M → E, we can define the relative pullback as
the relative pair formed by the pullbacks in the bulk and on the boundary:

Ψ∗(α, β) = (ψ∗α,ψ|∗∂Mβ) .

3.2 Variational problem and equations of motion

General variational problem on a manifold with boundary
Let π : E → M be a fiber bundle and let ȷ : ∂M → M denote the inclusion of the boundary. Let
(ΘM,Θ∂M) ∈ Ωn(E)⊕ Ωn−1(E|∂M).
We define the following functional on the space of smooth sections:

S[ψ] =

∫
(M,∂M)

Ψ∗(ΘM,Θ∂M) (21)

Find the section ψ that minimizes this functional.

To obtain the equations that determine ψ, we must first prove a modified version of the fundamental
lemma of the calculus of variations that includes boundaries. The modified version of the lemma is the
following.

Lemma (fundamental lemma of the calculus of variations with submanifolds): Let S ⊆ M be
a compact subset of a manifold M and let N ⊆ M be a subset with empty interior. Let α ∈ Ωm(M) and
β ∈ Ωn(N ). If ∫

S

hα+

∫
S∩N

h|Nβ = 0 ∀h : M → R (22)

then it follows that α(x) = 0 and β(x) = 0 on their respective domains.
Proof: If the integral vanishes for any function, then in particular it vanishes for a function h whose

compact support is disjoint from N . In that case the second integral vanishes, and therefore∫
S

hα = 0, ∀h : supp(h) = S\N . (23)

By the fundamental lemma of the calculus of variations, α vanishes at every point of S\N . Since α is a
continuous differential form, it must also vanish on S, including N .

Finally, since α(x) = 0 on all of S, we are left with∫
S∩N

h|Nβ = 0, ∀h|N , (24)

and again by the fundamental lemma of the calculus of variations we conclude that β(x) = 0 for all x ∈ S∩N .
□
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Specializing to N = ∂M and rewriting it using the notation introduced previously, we obtain that if∫
(M,∂M)

h(α, β) = 0, ∀h ∈ C∞(M), (25)

then (α, β) = 0.
Once this lemma has been established, we can write the differential equations whose solutions minimize

the action functional.
Theorem. The section ψ that minimizes the functional S[ψ] for arbitrary variations satisfies

Ψ∗ιXd(ΘM,Θ∂M) = 0

for any vertical vector field X.
Proof: Let ψs be a smooth one-parameter family of sections and denote ψ ≡ ψ0. For each point p ∈ M,

the curve s 7→ ψs(p) has a tangent vector

V (p) ≡ ∂sψs(p)
∣∣
s=0

,

which is vertical.
Choose any extension X of V such that X|ψ0(M) = V . One can show that

d

ds
(ψ∗
sΘM)

∣∣
s=0

= ψ∗
0(LXΘM) (26)

and that this equality does not depend on the chosen extension of V . Indeed, if Y is another extension
satisfying Y |ψ0(M) = 0, then

ψ∗
0(LYΘM) = ψ∗

0(d(ιYΘM) + ιY dΘM) = 0,

since ιYΘM and ιY dΘM vanish at points where Y = 0. Hence any two extensions yield the same pullback.
Therefore

δS[ϕ] =
d

ds

(∫
M
ψ∗
sΘM −

∫
∂M

ψs|∗∂MΘ∂M

)∣∣∣∣
s=0

=

∫
M
ψ∗LXΘM −

∫
∂M

ψ|∗∂MLX|∂MΘ∂M

=

∫
M
ψ∗(dιXΘM + ιXdΘM)−

∫
∂M

ψ|∗∂M(dιX|∂MΘ∂M + ιX|∂MdΘ∂M)

=

∫
M
ψ∗ιXdΘM −

∫
∂M

ψ|∗∂M
(
ιX|∂MdΘ∂M − ȷ∗ιXΘM

)
=

∫
(M,∂M)

Ψ∗ (ιXdΘM, ιX|∂MdΘ∂M − ȷ∗ιXΘM
)
.

(27)

Now the vector field X, which generates the parametric transformation ψs, is vertical. Hence X|∂M = X,
and the contraction can be taken outside the pullback along the inclusion:

δS[ϕ] =

∫
(M,∂M)

Ψ∗ιX (dΘM, ȷ∗ΘM − dΘ∂M)

=

∫
(M,∂M)

Ψ∗ιXd(ΘM,Θ∂M).

(28)

Taking the action to be stationary, δS = 0, we obtain∫
(M,∂M)

Ψ∗ιXd(ΘM,Θ∂M) = 0. (29)
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By assumption of the theorem, this holds for any vector field X. In particular it holds for any vector
field of the form X = hY , where h is an arbitrary function:∫

(M,∂M)

Ψ∗hιY d(ΘM,Θ∂M) = 0. (30)

By the fundamental lemma of the calculus of variations with boundary, since the integral vanishes for
any function h, the factor multiplying h must vanish. We thus obtain the equations of motion:

Ψ∗ιXd(ΘM,Θ∂M) = 0 ∀X vertical. (31)

This proves the theorem. □
As usual, we define the relative multisymplectic form

Ω = (ΩM,Ω∂M)

as the relative exterior derivative of the forms defining the functional,

Ω ≡ d(ΘM,Θ∂M).

Hence the section ψ minimizing the functional satisfies

Ψ∗ιXΩ = 0 ∀X vertical. (32)

For each variational principle it is natural to define its (pre)multisymplectic form

Ω = (ΩM,Ω∂M) ≡ d(ΘM,Θ∂M).

Since the relative exterior derivative also satisfies d2 = 0, the manifold with boundary (M, ∂M) is
endowed with an (n+ 1, n)-form

Ω = (ΩM,Ω∂M)

satisfying dΩ = (0, 0). This motivates the following definition of a multisymplectic manifold with boundary.
Definition (multisymplectic manifold with boundary). A manifold with boundary (M, ∂M) is

called n-multisymplectic if and only if it is endowed with an (n+1, n) multisymplectic form Ω = (ΩM,Ω∂M)
such that dΩ = (0, 0) and such that ιV Ω = 0 if and only if V = 0. If only the first condition holds, the
manifold with boundary is called premultisymplectic.

In this way, working with the multisymplectic formalism on a manifold with boundary is analogous
to working with the multisymplectic formalism on a manifold without boundary, but replacing the usual
cohomology with relative cohomology. All properties of the multisymplectic formalism extend naturally to
manifolds with boundary simply by replacing differential forms with relative differential forms and replacing
the usual exterior derivative with the relative exterior derivative.

4 Hamiltonian forms, graded Poisson brackets and conserved charges
Definition (locally Hamiltonian multivector field). A multivector field X is called locally Hamil-

tonian if ιXΩ is a closed form with respect to the relative exterior derivative d.
Theorem. If X is a locally Hamiltonian p-multivector field, then

LXΩ = 0.

Proof.
LXΩ = ιXdΩ− (−1)pdιXΩ. (33)

The first term vanishes because the multisymplectic form is closed. The second term vanishes because
ιXΩ is closed. Therefore LXΩ = 0. □

This means that locally Hamiltonian vectors are precisely those that preserve the geometric structure of
the variational principle both in the bulk and on the boundary.
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Definition (globally Hamiltonian multivector field). A multivector field X is called globally Hamil-
tonian if ιXΩ is exact. The pair

F = (FM, F∂M)

satisfying
ιXΩ = dF

is called the Hamiltonian form associated with the multivector X.
Remark. Separating these equations yields

ιXΩM = dFM, ιXΩ∂M = dF∂M − ȷ∗FM. (34)

Thus the relation between multivectors and Hamiltonian forms remains unchanged in the bulk, while on
the boundary the bulk and boundary contributions become mixed.

Proposition. Every globally Hamiltonian multivector field is locally Hamiltonian.
Proof. Since d2 = 0, if ιXΩ is exact then it is also closed. □
Since Hamiltonian multivectors preserve the multisymplectic form Ω, they are interpreted as symmetries

of the dynamics, both in the bulk and on the boundary.
Definition. Let X be the Hamiltonian vector associated with

F = (FM, F∂M)

and let Y be the Hamiltonian vector associated with

G = (GM, G∂M).

We define the Poisson bracket {F,G} as the observable associated with the Schouten–Nijenhuis bracket
[X,Y ]:

ι[X,Y ](ΩM,Ω∂M) = d{F,G}. (35)

Theorem. The graded Poisson bracket of F = (FM, F∂M) and G = (GM, G∂M) is, up to closed relative
forms,

{F,G} = ιXιY (ΩM,Ω∂M). (36)

This theorem will be proven later. Before that we establish several preliminary lemmas.
Proposition.

[U, V ]|∂M = [U |∂M, V |∂M].

Proof. A vector X ∈ X(M) is tangent to N ⊂ M if

X(f)|N = 0

for all functions f such that f |N = 0.
Suppose X and Y are tangent to N . Then for every function f vanishing on N ,

X(f)|N = 0, Y (f)|N = 0.

Hence
[X,Y ](f)|N = X(Y (f))|N − Y (X(f))|N . (37)

Since f |N = 0, both X(f) and Y (f) vanish on N , implying that X(Y (f)) and Y (X(f)) also vanish on
N . Therefore the Lie bracket of two tangent vectors is also tangent.

More generally, the Schouten–Nijenhuis bracket of two decomposable multivectors

U = U1 ∧ · · · ∧ Uu, V = V1 ∧ · · · ∧ Vv

can be written as

[U, V ] =

u∑
i=1

v∑
j=1

[Ui, Vj ] ∧ U1 ∧ · · · ∧ Ũi ∧ · · · ∧ Uu ∧ V1 ∧ · · · ∧ Ṽj ∧ · · · ∧ Vv, (38)
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where Ũi indicates that the term is omitted.
Since restriction commutes with both the Lie bracket and the wedge product, the restriction of the

Schouten–Nijenhuis bracket equals the bracket of the restricted multivectors. By linearity this extends to
general multivectors, proving the statement. □

Property. Let U and V be a u-multivector and a v-multivector, respectively. Then

ι[U,V ](α, β) = [LU , ιV ](α, β). (39)

Lemma. If U and V are Hamiltonian multivector fields, then

ι[U,V ](ΩM,Ω∂M) = dιU ιV (ΩM,Ω∂M). (40)

Proof. Using the previous identity and the fact that dΩ = 0 and dιUΩ = dιV Ω = 0, the result follows
directly. □

Proof of the theorem. By definition, d{F,G} = ι[X,Y ](ΩM,Ω∂M). Using the lemma, ι[X,Y ](ΩM,Ω∂M) =

dιXιY (ΩM,Ω∂M). Hence d{F,G} = d
(
ιXιY (ΩM,Ω∂M)

)
, which implies that the Poisson bracket is, up to

closed relative forms,

{F,G} = {(FM, F∂M), (GM, G∂M)} = ιXιY (ΩM,Ω∂M) = (ιXιY Ω, ιX|∂MιY |∂Mω) (41)

Definition (conserved quantities with boundary). A relative form

F = (FM, F∂M)

is said to be conserved if for every solution ψ of the bulk and boundary equations of motion one has

Ψ∗dF = (0, 0).

Definition (conserved charges). Let Σ be a p-submanifold of M and σ a (p− 1)-submanifold of ∂M.
Given a conserved (p, p− 1)-form F , its conserved charge is defined as

QF [Σ, σ] =

∫
(Σ,σ)

Ψ∗F =

∫
Σ

ψ∗FM −
∫
σ

ψ|∗∂MF∂M. (42)

Theorem. Conserved charges are constants of motion.
If (Σ1, σ1) and (Σ2, σ2) enclose a relative volume (V, v) such that ∂(V, v) = (Σ1 ∪ (−Σ2), σ1 ∪ (−σ2)),

then QF [Σ1, σ1] = QF [Σ2, σ2].
Proof.

QF [Σ1, σ1]−QF [Σ2, σ2] =

∫
(Σ1,σ1)

Ψ∗F −
∫
(Σ2,σ2)

Ψ∗F

=

∫
(Σ1,σ1)

Ψ∗F +

∫
(−Σ2,−σ2)

Ψ∗F

=

∫
(Σ1−Σ2,σ1−σ2)

Ψ∗F

=

∫
∂(V,S)

Ψ∗F

=

∫
(V,S)

Ψ∗dF

= 0

(43)

from which it follows that QF [Σ1, σ1] = QF [Σ2, σ2], as we wanted to prove. In the step to the penultimate
line we have used Stokes’ theorem for relative cohomology. □

A relevant example in which this theorem holds is when the manifold M has the topology N × [t1, t2].
The boundary of the manifold is formed by the lower cap T1 = N × {t1} and the upper cap T2 = N × {t2},
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the side of the manifold B = ∂N × [t1, t2], and the two circles forming the corners C1 = ∂N × {t1} and
C2 = ∂N × {t2}. If the surfaces Σ1 and Σ2 are chosen to be the lower and upper caps T1 and T2, and
the varieties σ1 and σ2 are chosen as the circles C1 and C2 that form the corners of the manifold, one can
check that the relative pair (M,B) has relative boundary (Σ1 ∪ (−Σ2), σ1 ∪ (−σ2)), following formula 10.
Therefore, the conserved charge measured on (T1, C1) is equal to the conserved charge measured on (T2, C2).

T2 C2

T1 C1

B

The condition d(Ψ∗F ) = 0 is a conservation equation analogous to a continuity equation, but it has
components both in the bulk and on the boundary. Let us consider the example of a relative (n− 1, n− 2)-
form. Such a pair is given, on solutions, by Ψ∗F = (αµdn−1xµ, β

µνdn−2xµν). Saying that this differential
form is conserved both in the bulk and on the boundary is equivalent to requiring that the following condition
holds for the pair:

Ψ∗dF = (∂µα
µdnx, (αµ − ∂νβ

νµ + ∂νβ
µν)dn−1xµ) = 0 (44)

Or, separating the two equations:

∂µα
µ = 0, 2∂µβ

µν = αν (45)

If we take a foliation t = cte. and rename α0 = ρ, αi = J i, β0i = ui and βij = vij , then we obtain the
following continuity equations:

∂ρ

∂t
+ ∂iJ

i = 0, −2∂iu
i = ρ, 2

∂ui

∂t
− 2∂jv

ij = J i (46)

This same exercise can be performed with other (k, k − 1)-forms, leading to continuity equations for
conserved charges of different orders.

Theorem (Noether): If XF is a globally Hamiltonian vector field, then its associated relative form
F = (FM, F∂M) is a conserved quantity with boundary.

Proof: We can use that XF is a globally Hamiltonian vector field to write Ψ∗dF = Ψ∗ιXF
Ω. Now, using

the equations of motion, Ψ∗ιXΩ = 0 for any vector, and therefore Ψ∗dF = 0.
Theorem: If F = (FM, F∂M) and G = (GM, G∂M) are two conserved (n, n − 1)-forms with boundary

associated with the globally Hamiltonian vectorsX and Y , then the Poisson bracket {F,G} is also a conserved
quantity with boundary.

Proof: By definition of the Poisson bracket, d{F,G} = ι[X,Y ]Ω. Taking the pullback on both sides,
Ψ∗d{F,G} = Ψ∗ι[X,Y ]Ω. But if X and Y are two vectors, then [X,Y ] is also a vector, and therefore the
equations of motion hold Ψ∗ι[X,Y ]Ω = 0. Of course, this implies that Ψ∗d{F,G} = 0. □

5 Lagrangian formalism

5.1 Geometric Lagrangian construction
We have a fiber bundle π : E → M and an inclusion ȷ : M → ∂M. Let VM be the volume form on M

and V∂M be the volume form on ∂M. The normal 1-form is canonically defined by ιY VM|∂M = n(Y )V∂M.
The normal unitary vector, satisfying nµnµ = 1 is, however, non-unique. In fact, it requires the choice of a
horizontal splitting of TM = ȷ∗T (∂M)⊕H, i.e., a connection.
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From this bundle and the inclusion, we can construct the pullback bundle π∂M : ȷ∗E∂M → ∂M. Since ȷ
is an inclusion, the pullback bundle is canonically isomorphic to the restriction, i.e., ȷ∗E∂M ∼= E|∂M.

On the other hand, from π : E → M we can canonically construct the jet bundle π1 : J1E → E as the
space of sections that agree up to first order, that is, given a point p ∈ M, they have the same value and the
same derivatives at that point. The local coordinates of J1π are (xµ, yi, yiµ). As in the previous case, from
this bundle and the inclusion we can construct the pullback of the jet bundle π1∂M : ȷ∗J1E → E∂M. Again,
since ȷ is an inclusion, we have ȷ∗J1E ∼= J1E|∂M. Note that the coordinates of J1E|∂M are {yi, yiµ, xm},
and therefore J1E|∂M is not the jet bundle of E∂M.

Given a section j1ϕ ∈ Γ(M, J1E), there exists a unique section j1ϕ|∂M ∈ Γ(∂M, J1E|∂M) such that
j1ϕ◦ȷ = ȷ1E ◦j1ϕ|∂M. A section j1ϕ(xµ) = (yi(xµ), yiµ(x

µ), xµ) is said to be holonomic if yiµ(xµ) = ∂µy
i(xµ).

The following diagram is commutative.

J1E J1E
∣∣
∂M

E E∂M

M ∂M

π1

ȷ1E

π1∂M

π

ȷE

π∂M

j1ϕ

ȷ

j1ϕ|∂M
(47)

In the bulk, of course, we work on the complex of differential forms on M up to degree n:

0
d−−→ Ω0(M)

d−−→ Ω1(M)
d−−→ · · · d−−→ Ωn−1(M)

d−−→ Ωn(M)
d−−→ 0 (48)

On the boundary we will also work with differential forms on M with support on ∂M (that is, differential
forms of the type fµ1···µk

(xm)dxµ1 ∧ · · · ∧ dxµk), but only up to degree n− 1. The complex is therefore:

0
d−−→ Ω0(M)|∂M

d−−→ Ω1(M)|∂M
d−−→ · · · d−−→ Ωn−2(M)|∂M

d−−→ Ωn−1(M)|∂M
d−−→ 0 (49)

This means that, although we might encounter some form fµ(xm)dn−1xµ with support on ∂M, and
although typically this differential form on M could have an exterior derivative that is an n-form, in this
paper we will truncate this differential complex so that these n-forms with support on ∂M do not exist.
This is because, in the end, we will always have to take the pullback to ∂M (for instance when integrating),
and the pullback of n-forms onto ∂M will always be zero, so it will be more productive to truncate it from
the start. Note that the inclusion ȷ : ∂M → M allows us to define the restriction ȷ∗ : Ωk(M) → Ωk(M)|∂M
given simply by restricting the coefficients of the differential form

ȷ∗ (fµ1···µk
(xµ)dxµ1 ∧ · · · ∧ dxµk) = fµ1···µk

(xm)dxµ1 ∧ · · · ∧ dxµk ,

except for the n-forms, where the restriction is zero due to the truncation of the differential complex.
Finally, the relative complex in which we will be working is:

0
d−−→ Ω0(M)

d−−→ Ω1(M)⊕Ω0(M)|∂M
d−−→ · · · d−−→ Ωn−1(M)⊕Ωn−2(M)|∂M

d−−→ Ωn(M)⊕Ωn−1(M)|∂M
d−−→ 0

(50)

5.2 Equations of motion under the integral sign
In the Lagrangian formalism, unlike the general case, we will not look for an arbitrary section that

minimizes the functional, but rather we will look for the minimum of that functional inside a subspace of all
sections, namely those sections that are holonomic, i.e., those sections of J1E that satisfy that the velocity
yiµ is the derivative of the field ∂µyi.

Since the manifold M has dimension n, its boundary will have dimension n − 1. Therefore the actions
will result from integrating an n-form Ldnx in the bulk and from integrating an (n− 1)-form ℓµdn−1xµ on
the boundary. The variational problem, in the Lagrangian formalism, is therefore the following:
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Lagrangian variational problem on a manifold with boundary
Let π : J1E → M be a bundle and ȷ : ∂M → M its boundary inclusion. Let L ∈ C∞(J1E) and ℓµ ∈
C∞(J1E|∂M), with which we build the relative pair (Ldnx,−ℓµdn−1xµ) ∈ Ωn(J1E)⊕Ωn−1(J1E|∂M).
We define the action as the following functional on the set of smooth holonomic sections:

S[yi] =

∫
(M,∂M)

(J1ϕ)∗(Ldnx,−ℓµdn−1xµ)

=

∫
M

L(yi, ∂µyi, xµ)dnx+

∫
∂M

ℓµ(yi, ∂µy
i, xµ)dn−1xµ

(51)

Find the holonomic section (j1ϕ)(xµ) = (yi(xµ), ∂µy
i(xµ), xµ) that minimizes the action.

Because here we are restricting to holonomic sections, the admissible variations are not arbitrary but
only a subset of them, those that preserve holonomicity. Therefore the equations we previously obtained for
a general variational problem will not be valid here, although those general equations will be important later
when we compute the Poincaré–Cartan form in the Lagrangian formalism.

Now, to find the equations of motion, both in the bulk and on the boundary, we take a variation of the
fields that respects the holonomicity of our system, so that the fields transform as:

ϕ 7−→ ϕ+ ε

∂µϕ 7−→ ∂µϕ+ ∂µε
(52)

The variation of the action under these variations can be computed as follows:

δS[yi] =

∫
M

(
∂L
∂yi

εi +
∂L

∂(∂µyi)
∂µε

i

)
dnx

+

∫
∂M

(
∂ℓµ

∂yi
εi +

∂ℓµ

∂(∂νyi)
∂νε

i

)
dn−1xµ

(53)

In the bulk we can integrate by parts, obtaining:

δS =

∫
M

(
∂L
∂yi

− d

dxµ

(
∂L

∂(∂µyi)

))
εidnx

+

∫
∂M

(
∂L

∂(∂µyi)
εi +

∂ℓµ

∂yi
εi +

∂ℓµ

∂(∂νyi)
∂νε

i

)
dn−1xµ

(54)

On the boundary, however, the term inside the derivative cannot be fully integrated by parts to leave a
component proportional to ε from which to obtain the equations of motion directly using the fundamental
lemma of the calculus of variations. This is because terms of the form nµ∂µε, proportional to the normal
derivative of the variation at the boundary, cannot be integrated by parts. To see this more concretely, we
can use adapted coordinates xµ = {x0, x̃i}, so that the boundary is given by x0 = const., and the normal
vector to the hypersurface is nµ = (1, 0, . . . , 0). The integral

∫
∂0ε d

n−1x̃ cannot be integrated by parts,
since the coordinate x0 does not belong to the integration measure.

To keep under control the parts we can integrate by parts and those we cannot, we can split the derivative
∂νε

i into its normal and tangential components to the boundary using the metric. For this, we introduce the
projector onto the tangent plane of the boundary, defined by Pµν ≡ δµν − nµnν . It is easy to check from this
definition that Pµν P νρ = Pµρ and that Pµν nν = 0. Thus the term ∂νε

i can be rewritten as (Pµν + nνn
ρ)∂ρε

i,
so we substitute:

δS =

∫
M

(
∂L
∂yi

− d

dxµ

(
∂L

∂(∂µyi)

))
εidnx

+

∫
∂M

(
∂L

∂(∂µyi)
εi +

∂ℓµ

∂yi
εi +

∂ℓµ

∂(∂νyi)
P ρν ∂ρε

i

)
dn−1xµ

+

∫
∂M

∂ℓµ

∂(∂νyi)
nνn

ρ∂ρε
idn−1xµ

(55)
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As argued, the third term of the last line can be integrated by parts. For this we use the computation of
the following exterior derivative:

d

(
∂ℓµ

∂(∂νyi)
P ρν ε d

n−2xµρ

)
=

(
d

dxσ

(
∂ℓµ

∂(∂νyi)
P ρν

)
ε+

∂ℓµ

∂(∂νyi)
P ρν ∂σε

)
dxσ ∧ dn−2xµρ

=

(
d

dxσ

(
∂ℓµ

∂(∂νyi)
P ρν

)
ε+

∂ℓµ

∂(∂νyi)
P ρν ∂σε

)(
δσµd

n−1xρ − δσρ d
n−1xµ

)
=

(
d

dxρ

(
∂ℓρ

∂(∂νyi)
Pµν − ∂ℓµ

∂(∂νyi)
P ρν

)

+
∂ℓρ

∂(∂νyi)
Pµν ∂ρε−

∂ℓµ

∂(∂νyi)
P ρν ∂ρε

)
dn−1xµ

(56)

The last term of the preceding expression is the same as the one appearing in the variation of the action,
so we can solve for it in terms of the rest, thereby performing the integration by parts. Notice that the middle
term does not contribute to the integral either, because Pµν dn−1xµ will be proportional to Pµν nµ = 0 when
we take the pullback by the inclusion; therefore, integrating by parts in this manner leaves no derivative of
ε. Applying Stokes’ theorem, and using that the boundary of the boundary vanishes, what this calculation
tells us is that the correct way to integrate by parts on the boundary (only tangential derivatives) is:∫

∂M

∂ℓµ

∂(∂νyi)
P ρν ∂ρε

idn−1xµ =

∫
∂M

d

dxρ

(
∂ℓρ

∂(∂νyi)
Pµν − ∂ℓµ

∂(∂νyi)
P ρν

)
εidn−1xµ (57)

Therefore the variation of the action is:

δS =

∫
M

(
∂L
∂yi

− d

dxµ

(
∂L

∂(∂µyi)

))
εidnx

+

∫
∂M

(
∂L

∂(∂µyi)
+
∂ℓµ

∂yi
+

d

dxρ

(
∂ℓρ

∂(∂νyi)
Pµν − ∂ℓµ

∂(∂νyi)
P ρν

))
εidn−1xµ

+

∫
∂M

∂ℓµ

∂(∂νyi)
nνn

ρ∂ρε
idn−1xµ

(58)

Thus we have separated the variation of the action into three terms: one that affects only the bulk,
another that is proportional to the variations on the boundary, and another that is proportional to the
normal derivative of the variations on the boundary. We must now show, using methods similar to the
fundamental lemma of the calculus of variations, that each of these terms vanishes separately in order for
the variation of the action to be zero. The result we prove is the following:

Lemma (fundamental lemma of the calculus of variations with boundary): Let α ∈ C∞(M),
β ∈ C∞(∂M) and γ ∈ C∞(∂M). If∫

M
α ε dnx+

∫
∂M

β ε|∂M dn−1x̃+

∫
∂M

γ nµ∂µε|∂M dn−1x̃ = 0 (59)

for every smooth function ε with compact support in M∪ ∂M, then α = 0, β = 0 and γ = 0.
To prove it, we first need the following lemma:
Lemma (separation of normal derivatives): Let α, β ∈ C∞(∂M). Then there exists a unique

function ε ∈ C∞(M) such that:
ε|∂M = α, nµ∂µε|∂M = β. (60)

Moreover, ε can be chosen with support in an arbitrarily small collar neighbourhood of ∂M.
Proof: This follows from the collar neighbourhood theorems for manifolds with boundary: there exists a

diffeomorphism ∂M×(−δ, 0] ∼= U ⊂ M that maps (x, t) to points at distance t from x towards the interior of
the manifold along the flow of the normal vector. In these coordinates we construct ε(x, t) = α(x)+tβ(x)χ(t),
where χ : (−δ, 0] → R is a function supported in (−δ, 0] with χ(0) = 1. Then ε is smooth in the collar, equals
α at t = 0, and has normal derivative β at t = 0. One can extend ε by zero outside the collar to obtain a
globally defined function. □
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Proof of the fundamental lemma: Since the integral vanishes for every compactly supported ε in M∪∂M,
it also vanishes for every ε compactly supported in the interior M\ ∂M. This leaves only the first integral,
i.e. ∫

M
α ε dnx = 0 (61)

for every ε compactly supported in the interior of M. By the usual fundamental lemma of the calculus of
variations this implies α = 0 on int(M), and by continuity α = 0 on M∪ ∂M.

Knowing that α = 0, it remains to show that the other two terms vanish. For this we use the previous
lemma, which allows us to prescribe the function and its normal derivative independently on the boundary.
First choose a function ε with arbitrary boundary value but with nµ∂µε|∂M = 0. Then the fundamental
lemma of the calculus of variations applied on the boundary implies β = 0. Conversely, choose a function ε
that vanishes on the boundary but has an arbitrary normal derivative; applying the same argument shows
γ = 0. □

Hence the variational principle, which states that the action (51) must be stationary for any variation εi,
implies that the coefficients in each of the integrals in (58) must vanish separately. Therefore we obtain the
Euler–Lagrange equations as equations of motion in the bulk and two additional boundary conditions:

Euler–Lagrange equations with boundary

∂L
∂yi

− d

dxµ

(
∂L

∂(∂µyi)

)
= 0 in M,(

∂L
∂(∂µyi)

+
∂ℓµ

∂yi
+

d

dxρ

(
∂ℓρ

∂(∂νyi)
Pµν − ∂ℓµ

∂(∂νyi)
P ρν

))
nµ = 0 on ∂M,

∂ℓµ

∂(∂νyi)
nµnν = 0 on ∂M.

(62)

5.3 Derivation of the Poincaré–Cartan form
Let us return again to the variational problem written in geometric form. The variation of the action

given by the forms ΘM and Θ∂M is given by equation (58). As we have already shown, if this variation
is zero for every vector X, then the integrand must vanish. However, in the Lagrangian formalism we do
not require this variation to be zero for every vector, but only for those that preserve holonomicity, that is,
vectors of the form:

Xhol = εi∂yi +Dµε
i∂yiµ (63)

For generic variations of the action there was no problem in applying the fundamental lemma of the
variational principle with boundary, since multiplying the variation vector X by an arbitrary function h
produces another vector hX that is still an admissible vector within the generic variational principle.

However, in the Lagrangian formalism, multiplying by an arbitrary function hXhol does not necessarily
produce a holonomic vector. Therefore we cannot apply the fundamental lemma of the variational principle
with boundary, since we need the integral to vanish for all possible functions h.

This problem has a geometric solution through the Poincaré–Cartan form. Indeed, although the set of
admissible variations is too restrictive, the set of differential forms that define the same variational problem
is very large. Looking at equation (51), we can deduce that two relative forms (ΘM,Θ∂M) and (Θ′

M,Θ′
∂M)

are equivalent if their pullback by J1ϕ produces the same pair of differential forms. This is known as Lepage
equivalence.

The idea is therefore to look for a pair of differential forms (ΘM,Θ∂M) that are Lepage equivalent to
the pair of Lagrangians (Ldnx,−ℓµdn−1xµ) and that directly encode the holonomicity of the system, in such
a way that the variational principle is well defined for any vertical vector and not only for variations that
preserve holonomicity.

To find the Poincaré–Cartan forms, both in the bulk and on the boundary, we can search for those that
keep track of how integration by parts is performed in the variational principle of least action.

13



This can first be understood in the bulk case. The variation of the action is:

δSM =

∫
M

∂L
∂yi

εidnx+

∫
M

[
d

(
∂L
∂yiµ

εidn−1xµ

)
− εi∂µ

(
∂L
∂yiµ

)
dnxµ

]
=

∫
M
ELiε

idnx+

∫
M
d

(
∂L
∂yiµ

εidn−1xµ

) (64)

so that the term in the second integral, after applying Stokes’ theorem, does not contribute to the bulk
but rather to the boundary. It is this second term that we consider important to retain in the variational
principle, so we define the Poincaré–Cartan form as the form ΘPC such that, when contracted with the vector
V = εi∂yi , it gives precisely the term that appears inside the total derivative. Therefore, the Poincaré–Cartan
form must have the following structure:

ΘPC =
∂L
∂yiµ

dyi ∧ dn−1xµ + other terms (65)

These other terms are adjusted so that ΘPC is Lepage equivalent to the differential form Ldnx, that is,
so that they give rise to the same equations of motion.

It can be checked that the only form that is Lepage equivalent to Ldnx and has the structure described
in the previous paragraph is:

ΘPC =
∂L
∂yiµ

dyi ∧ dn−1xµ −
(
∂L
∂yiµ

yiµ − L
)
dnx (66)

Another way to write it is:

ΘPC =
∂L
∂yiµ

(dyi − yiνdx
ν) ∧ dn−1xµ + Ldnx (67)

where the Lepage equivalence can be clearly seen.
We can do the same with the variation on the boundary:

δS∂M =

∫
∂M

(
∂ℓµ

∂yi
εi +

∂ℓµ

∂(∂νyi)
∂νε

i

)
dn−1xµ

=

∫
∂M

(
∂ℓµ

∂yi
εi +

∂ℓµ

∂(∂νyi)
(∂νε

i − nνn
ρ∂ρε

i)

)
dn−1xµ

=

∫
∂M

(
∂ℓµ

∂yi
εi +

∂ℓµ

∂(∂νyi)
P ρν ∂ρε

)
dn−1xµ

=

∫
∂M

∂ℓµ

∂yi
εidn−1xµ −

∫
∂M

d

(
∂ℓµ

∂(∂νyi)
P ρν ε

idn−2xµρ

)
+

∫
∂M

d

dxρ

(
∂ℓρ

∂(∂νyi)
Pµν − ∂ℓµ

∂(∂νyi)
P ρν

)
εidn−1xµ

=

∫
∂M

ELµi ε
idn−1xµ −

∫
∂M

d

(
∂ℓµ

∂(∂νyi)
P ρν ε

idn−2xµρ

)

(68)

As in the previous case, we search for the Poincaré–Cartan form on the boundary such that contracting
with the vector V = εi∂yi yields the term inside the exterior derivative of the second integral:

Θ∂M =
∂ℓµ

∂yiν
P ρν dy

i ∧ dn−2xµρ + other terms (69)

where, again, these other terms are chosen so that the Poincaré–Cartan form is Lepage equivalent to
−ℓµdn−1xµ. The minus sign appears because we have defined the integral

∫
(M,∂M)

(α, β) =
∫
M α−

∫
∂M β.

It can be checked that the following differential form is Lepage equivalent to −ℓµdn−1xµ and contains
the desired term coming from the integration by parts:

Θ∂M =
∂ℓµ

∂yiν
P ρν dy

i ∧ dn−2xµρ −
((

∂ℓρ

∂yiν
Pµν − ∂ℓµ

∂yiν
P ρν

)
yiρ + ℓµ

)
dn−1xµ (70)
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Finally, the relative Poincaré–Cartan form, whose relative exterior derivative is the multisymplectic form
for systems with boundary, is:

Poincaré–Cartan form with boundary

ΘPC =

(
∂L
∂yiµ

dyi ∧ dn−1xµ −
(
∂L
∂yiµ

yiµ − L
)
dnx,

∂ℓµ

∂yiν
P ρν dy

i ∧ dn−2xµρ +

(
∂ℓµ

∂yiν
P ρν y

i
ρ − ℓµ

)
dn−1xµ

)
(71)

The multisymplectic form is naturally given by the exterior derivative of the Poincaré–Cartan form:

Ω = dΘPC (72)

5.4 Equations of motion via the Poincaré–Cartan form
With the forms Θ = (Ldnx,−ℓµdn−1xµ) one does not obtain the correct equations of motion, because

the admissible variations are not being encoded. By contrast, with the construction of the Poincaré–Cartan
form we convert the variational problem with holonomic variations into a variational problem with general
variations, so the correct equations of motion are those given by equations ?? presented in section ??.

The Poincaré form is specifically constructed so that the equations of motion are obtained from contract-
ing the multisymplectic form with any vertical vector, not only those that preserve holonomicity. In this
section we will check this explicitly. The relative Poincaré–Cartan form is:

ΘPC = (ΘM,Θ∂M)

=

(
∂L
∂yiµ

dyi ∧ dn−1xµ −
(
∂L
∂yiµ

yiµ − L
)
dnx,

∂ℓµ

∂yiν
P ρν dy

i ∧ dn−2xµρ −
((

∂ℓρ

∂yiν
Pµν − ∂ℓµ

∂yiν
P ρν

)
yiρ + ℓµ

)
dn−1xµ

)
(73)

The multisymplectic form, obtained by taking the relative exterior derivative, is:

Ω = dΘPC

= (dΘM, ȷ∗ΘM − dΘ∂M)

=

(
∂2L

∂yj∂yiµ
dyj ∧ dyi ∧ dn−1xµ +

∂2L
∂yiµ∂y

j
ν

dyjν ∧ dyi ∧ dn−1xµ − ∂2L
∂xµ∂yiµ

dyi ∧ dnx− ∂2L
∂yj∂yiµ

yiµdy
j ∧ dnx

− ∂2L
∂yiµ∂y

j
ν

yiµdy
j
ν ∧ dnx+

∂L
∂yi

dyi ∧ dnx, ∂L
∂yiµ

dyi ∧ dn−1xµ − ∂2ℓµ

∂yiν∂y
j
P ρν dy

j ∧ dyi ∧ dn−2xµρ

− ∂2ℓµ

∂yiν∂y
j
σ

P ρν dy
j
σ ∧ dyi ∧ dn−2xµρ +

∂

∂xρ

(
∂ℓρ

∂yiν
Pµν − ∂ℓµ

∂yiν
P ρν

)
dyi ∧ dn−1xµ

+
∂

∂yj

(
∂ℓρ

∂yiν
Pµν − ∂ℓµ

∂yiν
P ρν

)
yiρdy

j ∧ dn−1xµ +
∂

∂yjσ

(
∂ℓρ

∂yiν
Pµν − ∂ℓµ

∂yiν
P ρν

)
yiρdy

j
σ ∧ dn−1xµ

+
∂ℓρ

∂yiν
Pµν dy

i
ρ ∧ dn−1xµ +

∂ℓµ

∂yiν
nρnνdy

i
ρ ∧ dn−1xµ +

∂ℓµ

∂yi
dyi ∧ dn−1xµ

)
(74)

Contracting with a vector of the form Z = Ziµ∂yiµ yields the following equations of motion:

ιZΩ =

(
∂2L

∂yiµ∂y
j
ν

Zjνdy
i ∧ dn−1xµ − ∂2L

∂yiµ∂y
j
ν

yiµZ
j
νd
nx,

∂2ℓµ

∂yiν∂y
j
σ

P ρνZ
j
σdy

i ∧ dn−2xµρ

− ∂

∂yiσ

(
∂ℓρ

∂yiν
Pµν − ∂ℓµ

∂yiν
P ρν

)
yiρZ

j
σd

n−1xµ − ∂ℓρ

∂yiν
Pµν Z

i
ρd
n−1xµ +

∂ℓµ

∂yiν
nρnνZ

i
ρd
n−1xµ

) (75)
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Evaluating the contraction on a section J1ϕ we obtain:

(J1ϕ)∗ιZΩ =

(
∂2L

∂yiµ∂y
j
ν

(∂µy
i − yiµ)Z

j
νd
nx,

∂2ℓµ

∂yiν∂y
j
σ

P ρνZ
j
σ∂λy

i
(
δλµd

n−1xρ − δλρd
n−1xµ

)
− ∂

∂yiσ

(
∂ℓρ

∂yiν
Pµν − ∂ℓµ

∂yiν
P ρν

)
yiρZ

j
σd

n−1xµ − ∂ℓρ

∂yiν
Pµν Z

i
ρd
n−1xµ

)
=

(
∂2L

∂yiµ∂y
j
ν

(∂µy
i − yiµ)Z

j
νd
nx,

((
∂2ℓρ

∂yiν∂y
j
σ

Pµν − ∂2ℓµ

∂yiν∂y
j
σ

P ρν

)
Zjσ
(
∂ρy

i − yiρ
)
− ∂ℓρ

∂yiν
Pµν Z

i
ρ +

∂ℓµ

∂yiν
nνn

ρZiρ

)
dn−1xµ

)
(76)

By the fundamental lemma of the calculus of variations with boundary, both differential forms must
vanish on the boundary. Again, note that on the boundary this does not mean that all of their components
are zero, but only their pullback by the inclusion, which in practice means contraction with nµ:

(J1ϕ)∗ιZΩ =

(
∂2L

∂yiµ∂y
j
ν

(∂µy
i − yiµ)Z

j
νd
nx,

((
∂2ℓρ

∂yiν∂y
j
σ

Pµν − ∂2ℓµ

∂yiν∂y
j
σ

P ρν

)
Zjσ
(
∂ρy

i − yiρ
)
− ∂ℓρ

∂yiν
Pµν Z

i
ρ +

∂ℓµ

∂yiν
nνn

ρZiρ

)
nµd

n−1x̃

)
(77)

But the penultimate term is proportional to Pµν nµ, which is zero, so finally:

(J1ϕ)∗ιZΩ =

(
∂2L

∂yiµ∂y
j
ν

(∂µy
i − yiµ)Z

j
νd
nx,

((
∂2ℓρ

∂yiν∂y
j
σ

Pµν − ∂2ℓµ

∂yiν∂y
j
σ

P ρν

)
Zjσ
(
∂ρy

i − yiρ
)
+
∂ℓµ

∂yiν
nνn

ρZiρ

)
nµd

n−1x̃

)
(78)

In the bulk, the equations of motion yield:

∂2L
∂yiµ∂y

j
ν

= 0 (79)

In the regular case, the Hessian of the Lagrangian is nondegenerate and the above equation implies that
the velocities are given by the derivatives of the fields:

yiµ = ∂µy
i (80)

Since the section j1ϕ is continuous, yiµ = ∂µy
i also holds on the boundary.

In what follows, to derive the remaining equations of motion from the Poincaré–Cartan form, we will
assume the Lagrangian is regular. If it is not, it is also possible to impose the condition yiµ = ∂µy

i by
restricting to holonomic sections only. While restricting to holonomic sections was a problem when using
the forms Ldnx and ℓµdn−1xµ, it is not for the Poincaré–Cartan form, since the same equations of motion
are obtained.

On the boundary, the equations of motion imply that the following quantity:((
∂2ℓρ

∂yiν∂y
j
σ

Pµν − ∂2ℓµ

∂yiν∂y
j
σ

P ρν

)
Zjσ
(
∂ρy

i − yiρ
)
+
∂ℓµ

∂yiν
nνn

ρZiρ

)
nµ = 0 (81)

must vanish for every vector Ziρ.
But, using the equation yiρ = ∂ρy

i on the boundary, the first term cancels and we arrive at:

∂ℓµ

∂yiν
nνnµn

ρZiρ = 0 ∀Ziρ (82)

This implies that either nρ = 0 or the remaining factor is zero. At points of the boundary where the
metric is nondegenerate, the normal vector nρ to the hypersurface is nonzero, hence we recover one of the
boundary conditions:

∂ℓµ

∂yiν
nνnµ = 0 (83)
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Returning now to equation (74), we contract with X = Xi∂yi to find the rest of the equations of motion:

ιXΩ =

(
∂2L

∂yj∂yiµ
Xjdyi ∧ dn−1xµ − ∂2L

∂yj∂yiµ
Xidyj ∧ dn−1xµ − ∂2L

∂yiµ∂y
j
ν

Xidyjν ∧ dn−1xµ − ∂2L
∂xµ∂yiµ

Xidnx

− ∂2L
∂yj∂yiµ

yiµX
jdnx+

∂L
∂yi

Xidnx,− ∂L
∂yiµ

Xidn−1xµ +
∂2ℓµ

∂yiν∂y
j
P ρνX

jdyi ∧ dn−2xµρ

− ∂2ℓµ

∂yiν∂y
j
P ρνX

idyj ∧ dn−2xµρ −
∂2ℓµ

∂yiν∂y
j
σ

P ρνX
idyjσ ∧ dn−2xµρ −

∂

∂xρ

(
∂ℓρ

∂yiν
Pµν − ∂ℓµ

∂yiν
P ρν

)
Xidn−1xµ

− ∂

∂yj

(
∂ℓρ

∂yiν
Pµν − ∂ℓµ

∂yiν
P ρν

)
yiρX

jdn−1xµ − ∂ℓµ

∂yi
Xidn−1xµ

)
(84)

Taking the pullback by a section:

(J1ϕ)∗ιXΩ =

((
∂2L

∂yj∂yiµ

(
∂µy

i − yiµ
)
Xj +

∂L
∂yi

Xi −

(
∂2L

∂xµ∂yiµ
+

∂2L
∂yj∂yiµ

∂µy
j +

∂2L
∂yiµ∂y

j
ν

∂µy
j
ν

)
Xi

)
dnx ,

− ∂L
∂yiµ

Xidn−1xµ +

(
∂2ℓρ

∂yiν∂y
j
Pµν − ∂2ℓµ

∂yiν∂y
j
P ρν

)
Xj∂ρy

idn−1xµ − ∂

∂yj

(
∂ℓρ

∂yiν
Pµν − ∂ℓµ

∂yiν
P ρν

)
Xi∂ρy

jdn−1xµ

− ∂

∂yjσ

(
∂ℓρ

∂yiν
Pµν − ∂ℓµ

∂yiν
P ρν

)
Xi∂ρy

j
σd

n−1xµ − ∂

∂xρ

(
∂ℓρ

∂yiν
Pµν − ∂ℓµ

∂yiν
P ρν

)
Xidn−1xµ

− ∂

∂yj

(
∂ℓρ

∂yiν
Pµν − ∂ℓµ

∂yiν
P ρν

)
yiρX

jdn−1xµ − ∂ℓµ

∂yi
Xidn−1xµ

)
(85)

Using the derivative along sections d
dxρ = ∂

∂xρ + ∂ρy
j ∂
∂yj + ∂ρy

j
σ

∂

∂yjσ
we can simplify the expression

somewhat:

(J1ϕ)∗ιXΩ =

((
∂2L

∂yj∂yiµ

(
∂µy

i − yiµ
)
Xj +

(
∂L
∂yi

− d

dxµ

(
∂L
∂yiµ

))
Xi

)
dnx,((

∂2ℓρ

∂yiν∂y
j
Pµν − ∂2ℓµ

∂yiν∂y
j
P ρν

)(
∂ρy

i − yiρ
)
Xj −

(
∂L
∂yiµ

+
∂ℓµ

∂yi
+

d

dxρ

(
∂ℓρ

∂yiν
Pµν − ∂ℓµ

∂yiν
P ρν

))
Xi

)
dn−1xµ

)
(86)

In the regular case, where yiρ = ∂ρy
i, the left-hand terms cancel, so we finally obtain the Euler–Lagrange

equations:

(J1ϕ)∗ιXΩ =

((
∂L
∂yi

− d

dxµ

(
∂L
∂yiµ

))
Xidnx,−

(
∂L
∂yiµ

+
∂ℓµ

∂yi
+

d

dxρ

(
∂ℓρ

∂yiν
Pµν − ∂ℓµ

∂yiν
P ρν

))
Xidn−1xµ

)
(87)

By the fundamental lemma of the calculus of variations with boundary, if these two differential forms are
zero for every vector Xi, the equations of motion follow:

∂L
∂yi

− d

dxµ

(
∂L
∂yiµ

)
= 0 in M(

∂L
∂yiµ

+
∂ℓµ

∂yi
+

d

dxρ

(
∂ℓρ

∂yiν
Pµν − ∂ℓµ

∂yiν
P ρν

))
nµ = 0 on ∂M

(88)
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6 Examples

6.1 Scalar field (Neumann)
For Neumann boundary conditions, we search that the boundary equations of motion are nµ∂µϕ = 0.

For this, we can use the following lagrangians in the bulk and the boundary:

L =
1

2
∂µϕ∂

µϕ− V (ϕ), ℓµ = 0 (89)

Using the equations o motion in the bulk and on the boundary:

∂L
∂ϕ

− d

dxµ

(
∂L

∂(∂µϕ)

)
= 0 in M,(

∂L
∂(∂µϕ)

+
∂ℓµ

∂ϕ
+

d

dxρ

(
∂ℓρ

∂(∂νϕ)
Pµν − ∂ℓµ

∂(∂νϕ)
P ρν

))
nµ = 0 on ∂M,

∂ℓµ

∂(∂νϕ)
nµnν = 0 on ∂M.

(90)

The equations of motion for these lagrangians read:

M : ∂µ∂
µϕ = −V ′(ϕ)

∂M : nµ∂
µϕ = 0

∂M : 0 = 0

(91)

Otherwise, if we don’t want to fix the derivative to be zero and we want to fix it to be proportional to
some function fµ, we can change the lagrangian on the boundary:

L =
1

2
∂µϕ∂

µϕ− V (ϕ), ℓµ = −ϕfµ (92)

The equations of motion for these lagrangians read:

M : ∂µ∂
µϕ = −V ′(ϕ)

∂M : nµ∂
µϕ = nµf

µ

∂M : 0 = 0

(93)

For the case ℓµ = 0, fixing the normal derivative to be zero, we have the following Poincaré-Cartan form:

ΘPC =

(
ϕµdϕ ∧ dn−1xµ −

(
1

2
ϕµϕ

µ + V (ϕ)

)
dnx, 0

)
(94)

The multisymplectic form:

Ω = dΘPC =
(
dϕµ ∧ dϕ ∧ dn−1xµ − ϕµdϕµ ∧ dnx− V ′(ϕ)dϕ ∧ dnx, ϕµdϕ ∧ dn−1xµ

)
(95)

If V ′(ϕ) = 0, the vector ∂ϕ is hamiltonian and has the following associated relative hamiltonian form:

F = (FM, F∂M) = (−ϕµdn−1xµ, 0) (96)

For constant vectors ξ = −ξµ∂µ, the vector ξ is hamiltonian if and only if ξ ·n = 0 and it has as associated
hamiltonian form (Not necessarily V ′(ϕ) = 0):

Gξ =

(
−ξµϕνdϕ ∧ dn−2xµν + ξµ

(
1

2
ϕνϕ

ν + V (ϕ)

)
dn−1xµ, 0

)
(97)

This observable is closely relatedwith the energy momentum tensor when taking the pullback by a section
j1ϕ.

These two are conserved quantities.
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6.2 Scalar field (Dirichlet)
For Dirichlet boundary conditions, we search that the boundary equations of motion are nµ∂µϕ = 0. For

this, we can use the following lagrangians in the bulk and the boundary:

L =
1

2
∂µϕ∂

µϕ− V (ϕ), ℓµ = −ϕ∂µϕ (98)

Using the equations o motion in the bulk and on the boundary:

∂L
∂ϕ

− d

dxµ

(
∂L

∂(∂µϕ)

)
= 0 in M,(

∂L
∂(∂µϕ)

+
∂ℓµ

∂ϕ
+

d

dxρ

(
∂ℓρ

∂(∂νϕ)
Pµν − ∂ℓµ

∂(∂νϕ)
P ρν

))
nµ = 0 on ∂M,

∂ℓµ

∂(∂νϕ)
nµnν = 0 on ∂M.

(99)

The equations of motion for these lagrangians read:

M : ∂µ∂
µϕ = −V ′(ϕ)

∂M : 0 = 0

∂M : ϕ = 0

(100)

Otherwise, if we don’t want to fix the field to be zero and we want to fix it to be some function Φ, we
can change the lagrangian on the boundary:

L =
1

2
∂µϕ∂

µϕ− V (ϕ), ℓµ = −ϕ∂µϕ+ ϕΦ (101)

The equations of motion for these lagrangians read:

M : ∂µ∂
µϕ = −V ′(ϕ)

∂M : 0 = 0

∂M : ϕ = Φ

(102)

For the case ℓµ = −ϕ∂µϕ, fixing the field to be zero, we have the following Poincaré-Cartan form:

ΘPC =

(
ϕµdϕ ∧ dn−1xµ −

(
1

2
ϕµϕ

µ + V (ϕ)

)
dnx, ϕϕµdn−1xµ − Φϕµdn−1xµ

)
(103)

and the multisymplectic form:

Ω = dΘPC =
(
dϕµ ∧ dϕ ∧ dn−1xµ − ϕµdϕµ ∧ dnx− V ′(ϕ)dϕ ∧ dnx,−ϕdϕµ ∧ dn−1xµ +Φdϕµ ∧ dn−1xµ

)
(104)

For Φ = 0, the constant vector fields of the form ξ = ξµ∂µ are hamiltonian if and only if ξ · n = 0 and it
has associated the following relative hamiltonian form:

Gξ =

(
ξµϕνdϕ ∧ dn−2xµν + ξµ

(
1

2
ϕνϕ

ν + V (ϕ)

)
dn−1xµ, ξ

µϕϕνdn−2xµν

)
(105)

6.3 Electromagnetism (Neumann)
The lagrangians in the bulk and on the boundary:

L = −1

4
FµνF

µν , ℓµ = 0 (106)
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The equations of motion:

∂L
∂Aα

− d

dxµ

(
∂L

∂(∂µAα)

)
= 0 in M,(

∂L
∂(∂µAα)

+
∂ℓµ

∂Aα
+

d

dxρ

(
∂ℓρ

∂(∂νAα)
Pµν − ∂ℓµ

∂(∂νAα)
P ρν

))
nµ = 0 on ∂M,

∂ℓµ

∂(∂νAα)
nµnν = 0 on ∂M.

(107)

And substituting the lagrangians in the bulk and on the boundary:

M : ∂µF
µν = 0

∂M : nµF
µν = 0

∂M : 0 = 0

(108)

The Poincaré-Cartan form:

ΘPC =

(
−FµνdAν ∧ dn−1xµ − 1

4
FµνF

µνdnx, 0

)
(109)

And the multisymplectic form:

Ω = −dΘPC =

(
−dAν ∧ dFµν ∧ dn−1xµ +

1

2
FµνdF

µν ∧ dnx, FµνdAν ∧ dn−1xµ

)
(110)

For constant vectors ξ = ξµ∂µ, the vector ξ is hamiltonian if and only if ξ ·n = 0 and it has the following
associated relative hamiltonian form:

Gξ =

(
−ξρFµνdAµ ∧ dn−2xνρ +

1

4
ξρFµνF

µνdn−1xρ, 0

)
(111)

The vector V = ∂νε∂Aν is hamiltonian and has as associated relative form Fε = (Fµν∂νεd
n−1xµ, 0),

which is a conserved quantity.

6.4 Electromagnetism (Dirichlet)
The lagrangians in the bulk and on the boundary:

L = −1

4
FµνF

µν , ℓµ = AνF
µν (112)

The equations of motion:

∂L
∂Aα

− d

dxµ

(
∂L

∂(∂µAα)

)
= 0 in M,(

∂L
∂(∂µAα)

+
∂ℓµ

∂Aα
+

d

dxρ

(
∂ℓρ

∂(∂νAα)
Pµν − ∂ℓµ

∂(∂νAα)
P ρν

))
nµ = 0 on ∂M,

∂ℓµ

∂(∂νAα)
nµnν = 0 on ∂M.

(113)

And substituting the lagrangians in the bulk and on the boundary:

M : ∂µF
µν = 0

∂M :
d

dxρ
(−ηραAνPµν + ηµαAνP ρν )nµ = 0

∂M : n2Aρ = (n ·A)nρ

(114)

Operating the third equation we obtain Pµν Aµ = 0, while the second one does not add more information.
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7 Conclusion
• Field theory in manifolds with boundaries can be described with multisymplectic formalism by changing

the cohomology

• Boundary terms in the action encode the boundary conditions

• Dynamics of field theories in manifolds with boundaries are described by the Poincaré-Cartan relative
form

• Outlook: second order lagrangians

• Edge and vertex terms changing the cohomology: d(α, β, γ, · · · ) = (dα, ȷ∗α−dβ, (ȷ◦κ)∗α−κ∗β−dγ, · · · )
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